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Abstract
In this work, we introduce a quantum engine with a single-qubit working substance
whose cyclic process consists of two strokes arise from performing two distinct general
quantum measurements and is completed by thermalization through contact with a
finite temperature thermal reservoir. It is demonstrated that energy is imported into
the engine by first measurement channel and work (useful energy) is extracted from it
by the second measurement channel. It is particularly shown that the engine is capable
to have perfect efficiency. In continuation, we equip the cyclic process of the engine
with two additional adiabatic strokes. As illustrated in the text, the presence of last
strokes in the cycle provide an improved efficiency range for the engine in comparison
to the case that they are not included in the engine cycle.
Keywords: Quantum engine, Engine cycle, General measurement stroke, Thermal-
ization, Adiabatic processes, Efficency of engine
I. Introduction
The task of a heat engine is conversion some form of stochastic energy into mechanical work
or organized energy, in a cyclically repeated process. In a traditional heat engine, quantum
or classical, the mechanical work is extracted through a process that the engine is enabled
to gain an amount of heat (unorganized energy) from a hot thermal reservoir and loses a less
value of it into a cold reservoir [1-3]. This arises from second law of thermodynamics that
states it is impossible conversion of heat to work perfectly [2]. In fact, in order to restore
the initial state of working substance and complete the cycle, dissipation of finite amount of
thermal energy into the cold reservoir is unavoided.
However, there is another type of quantum engine operating at a finite temperature
thermal reservoir and assisted by a so-called Maxwell’s demon [4-13]. The demon exploits
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information, obtained from working substance through projective measurements, to extract
work from the finite temperature thermal reservoir. This process is known as work extraction
through feed back control [14-16]. The appearance contradiction to the second law can be
resolved if the energy cost of reseting the demon memory is included.
As is known, projective measurements on a quantum system are able to increase its
average energy and entropy, provided that the measured observable does not commute with
the Hamiltonian of that system [17-20]. Therefore, projective measurement can be regarded
by itself as a fuel in a quantum engine. In other words, projective measurements play the
corresponding role of a hot thermal reservoir in traditional quantum heat engines [20]. In Ref
[21], for a typical Maxwell’s demon engine, the thermal bath, as a stochastic energy source,
is replaced by projective measurements performed by the demon. Also in this direction, Ref
[22] proposes measurement fueled quantum engines based on position-resolving measurement
performed on a quantum particle and work is extracted by moving the particle against a
potential barrier.
In this paper, a quantum engine is introduced whose cyclically working process consists
of two strokes established by exploiting two set of distinct general quantum measurements
[23, 24] along with thermalization through a finite temperature thermal reservoir, without
considering feedback control. We stress that, for this engine, the work extraction process
does not essentially involve a time dependent Hamiltonian. Two strokes of proposed general
measurements can be seen as thermodynamics resources analogous to heat and work (such
a quantum battery) reservoirs, and thermalization process through contact with a thermal
reservoir completes the cycle. We use controllable property of proposed general measure-
ments to supply the engine such that its efficiency can be approached to unit. The scheme
does not require essentially to any adiabatic control of the working substance. However, as
illustrated in section III, in order to improve the efficiency range of the engine, the engine
cycle can be equipped with two additional adiabatic strokes too.
The paper is organized as follows: In Sec. II, the structure and performance of the
quantum engine on the basis of proposed general quantum measurements are illustrated.
Sec. III is devoted to extend the introduced engine in Sec. II, by including two additional
adiabatic strokes into the cyclic process of the engine. Finally, the paper is ended by a brief
conclusion in Sec. IV.
II. Modeling the quantum engine
We consider a quantum engine consisting of a single-qubit working substance undergoing a
three-stroke cycle. The qubit is initially at thermal equilibrium with a thermal reservoir at
temperature T . It is assumed that the qubit has following Hamiltonian
H =
~ω0
2
σz, (1)
where ω0 is the transition frequency of the qubit, and σz is the z-component Pauli spin
operator. The corresponding thermalized (Gibbs) state of the qubit is
ρth =
e−βH
Z(β)
, (2)
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where β is the relative inverse temperature, and Z(β) = Tr(e−βH) = 2cosh(β~ω0/2) is the
canonical partition function. Therefore, the average thermal energy of the system is
E th = Tr(Hρth) = −~ω0
2
tanh
(
β~ω0
2
)
. (3)
In the next step, it is assumed that the engine is isolated from the thermal reservoir
and the working substance of the engine undergoes strokes due to performing general mea-
surements. Generally speaking [23], to perform general measurement on a quantum system
whose pre-measurement state is ρ, it should be allowed to interact through unitary dynam-
ics with another quantum system called probe or measurement device. After interaction,
the density operator of the combined system is ρU = U (ρ⊗ |0〉〈0|)U †, where ρ ⊗ |0〉〈0| is
the initial state of the system-probe and U is any unitary operator acting on the combined
system. It is usually assumed, without lose of generality, that the initial state of the probe
is |0〉〈0|, and it is not correlated with the system initially. The subsequent von Neumann
measurement on the probe, projects it onto one of its eigenstates, namely |n〉, with following
probability
pn = Tr
(
(|n〉〈n| ⊗ I)ρU(|n〉〈n| ⊗ I)) = Tr (|n〉〈n| ⊗ AnρA†n) = Tr (A†nAnρ) , (4)
where An = 〈n|U |0〉, so the corresponding normalized post-measurement state for the system
becomes
ρ˜ =
AnρA
†
n
Tr
(
AnρA
†
n
) . (5)
Therefore, we have the unselective post-measurement state for the system as
ρ′ =
N∑
n
AnρA
†
n, (6)
where N is the number of possible measurement outcomes. Since the sum of probability of
outcomes must be unit in equation (4), then it is concluded that
N∑
n
A†nAn = I. (7)
In fact, equation (7) is the essence of fundamental theorem of quantum measurement [23],
which states that every set of operators {An}, n = 1, 2, ..., N , that satisfies equation (7), de-
scribes a measurement on the quantum system with outcomes as ρ˜ in (5), and corresponding
probabilities as pn in (4).
Now we see that how the quantum engine, after thermal isolation, undergoes thermo-
dynamics strokes caused by measurement channels. In order to elucidate the first stroke,
consider following operators for the single-qubit engine as
M1(P) =
√
1− P|0〉〈0|+ |1〉〈1|, M2(P) =
√
P|1〉〈0|, (8)
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where P is the measurement strength parameter. Operator M1(P) is similar to the weak
quantum measurement reversal map of a qubit with strength P in the computational basis
{|0〉, |1〉} [25, 26, 27]. Obviously, these operators satisfies equation (7), so they describe a
quantum measurement on the working substance. In addition, the operators
E1(P) :=M †1M1 = (1− P)|0〉〈0|+ |1〉〈1|, E2(P) :=M †2M2 = P|0〉〈0|, (9)
are the so-called POVM (positive operator valued measure) operators corresponding to
the measurement operators (8). It is clear that, 0 ≤ P ≤ 1, where P = 0 indicates that
the system has not been disturbed (measured) by the measurement process, and P = 1
corresponds to performing strong or projective measurement on the system.
After the first stroke, the density operator of the system becomes as
ρM(P) =
2∑
i=1
Miρ
thM †i
=
1
Z(β)
((
e−β~ω0/2 + Peβ~ω0/2) |1〉〈1|+ (1− P)eβ~ω0/2|0〉〈0|
)
,
(10)
with average energy
EM(P) = −~ω0
2
tanh(β~ω0/2) + P~ω0 e
β~ω0/2
Z(β)
. (11)
Hence, the average energy change of the working substance due to this stroke is
QM(P) := EM(P) − E th = P~ω0 e
β~ω0/2
Z(β)
. (12)
In general, QM(P) ≥ 0, is the amount of stochastic energy that the system obtains from
the measurement process defined by operators (8). It is interesting to denote there are
two important asymptotic values for the measurement strength parameter. The first case is
P = 1−e−β~ω0 for which the density operator ρM(P) has the same entropy as ρth, with EM(P) =
~ω0tanh(β~ω0/2)/2 and Q
M(P) = ~ω0tanh(β~ω0/2). This means that the system gains
net work (non-stochastic energy) from the measurement channel. On the other hand, for
(1−e−β~ω0)/2 ≤ P < 1−e−β~ω0 , we have S (ρM(P)) > S (ρth), i.e. the system gains stochastic
energy in this way. Indeed, the second asymptotic case is related to P = (1− e−β~ω0) /2 for
which ρM(P) becomes a completely random (mixed) state with maximal entropy, EM(P) = 0
and QM(P) = ~ω0tanh(β~ω0/2)/2.
The second stroke is provided by another measurement process defined by the following
operators
N1(q) = |0〉〈0|+
√
1− q|1〉〈1|, N2(q) = √q|0〉〈1|, (13)
which satisfy equation (7), and have their corresponding POVM operators. In the computa-
tional basis, N1(q) corresponds to weak measurement map on a qubit system with strength
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0 ≤ q ≤ 1 [25, 26, 27]. Under this stroke, the density matrix of the working substance is
given by
ρN(q) =
2∑
i=1
Niρ
MN †i
=
1
Z(β)
(
(1− q) (e−β~ω0/2 + Peβ~ω0/2) |1〉〈1|+ ((1− P + Pq)eβ~ω0/2 + qe−β~ω0/2) |0〉〈0|
)
,
(14)
hence, the average energy is obtained as
EN(q) = −~ω0
2
tanh(β~ω0/2)− q~ω0 e
−β~ω0/2 + Peβ~ω0/2
Z(β)
+ P~ω0 e
β~ω0/2
Z(β)
. (15)
Now if the measurement strength parameter in the second stroke takes the following value
q =
2Peβ~ω0/2 − 2sinh(β~ω0/2)
e−β~ω0/2 + Peβ~ω0/2 , (16)
then the density matrix in (14) and the average energy in (15) will be
ρN(P) =
1
Z(β)
(
(1− P)eβ~ω0/2|1〉〈1|+ (e−β~ω0/2 + Peβ~ω0/2) |0〉〈0|
)
, (17)
and
EN(P) = ~ω0
2
tanh(β~ω0/2)−P~ω0 e
β~ω0/2
Z(β)
, (18)
respectively. Consequently, equation (16) causes the following relation
S
(
ρM(P)
)
= S
(
ρN(P)
)
, (19)
i.e. under the constraint (16), entropy of the engine does not change by the measurement
channel in the second stroke. In addition, the energy reduction throughout transition from
first stroke to second one is
∆ := EM(P) − EN(P) = 2P~ω0 e
β~ω0/2
Z(β)
− ~ω0tanh(β~ω0/2). (20)
In fact, the engine experiences energy reduction under constant entropy. This is the main
result of this paper because it is shown that ∆ is equal to the net work extracted from the
engine. To illustrate with more explicit details, let us end the engine cycle by the third
stroke provided by thermalization process. After thermalization, the exchanged thermal
energy between the engine and thermal reservoir is equal to
QN(P) := E th − EN(P) = P~ω0 e
β~ω0/2
Z(β)
− ~ω0tanh(β~ω0/2). (21)
This energy must be dissipated into the thermal reservoir, i.e. QM(P) ≤ 0, which leads to the
constraint P ≤ 1 − e−β~ω0 . This is consistent with our previous consideration and confirms
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our design. On the other hand, the net work extracted from the engine throughout the cycle
is
Wext(P) = QM(P) +QN(P)
= 2P~ω0 e
β~ω0/2
Z(β)
− ~ω0tanh(β~ω0/2) = ∆.
(22)
In order to have an engine with capability of work extraction, the inequality Wext(P) ≥
0, must be satisfied. This constraint gives the lower bound P ≥ (1− e−β~ω0) /2, for the
measurement strength parameter, discussed previously. On the other hand, We find that
the extracted work from the engine is equal to energy reduction of engine under constant
entropy (see equation (20)), which in turns completes our main result.
Finally, to evaluate the engine efficiency, let us rewrite the measurement strength param-
eter in its range of variations as P = γ (1− e−β~ω0) with
1/2 ≤ γ ≤ 1. (23)
Then the efficiency becomes
η :=
Wext(P)
QM(P)
= 2− 1
γ
. (24)
The efficiency is zero for γ = 1/2, and reaches unity for γ = 1. As an illustration, the
case γ = 1 means that the first stroke gives energy into the engine and subsequently it is
extracted completely from it by the second stroke without dissipation into thermal reservoir.
In other words, during the reception of energy and extraction of it, entropy of the engine is
left unchanged as recognized by equations (10) and (17). For 1/2 < γ < 1, the first stroke
gives stochastic (unorganized) energy into the engine and subsequently the organized part of
that energy is extracted by the second stroke, and the remainder is dissipated into thermal
reservoir. Finally for γ = 1/2, the first stroke causes the density matrix of the working
substance of the engine to be completely mixed such that no work can be extracted from
the engine through the second stroke. Hence, all of the received energy from the first stroke
is dissipated into thermal reservoir through the third stroke. In addition, let us recall the
range of variation of γ in (23) as the efficiency range of the engine. In the next section,
when two additional adiabatic strokes are included into the engine cycle, the corresponding
efficiency range will be improved in comparison to (23).
III. Time dependent engine
In the previous section, we elucidated a qubit system with time independent Hamiltonian as
working substance and obtained the equation (24) for the engine efficiency. In this section,
we extend the model to include two additional strokes arise from time dependent adiabatic
changing of Hamiltonian of the working substance. We consider whole of the process as
TP =⇒ API =⇒ QMI =⇒ QMII =⇒ ADII =⇒ TP (25)
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where TP is the thermalization process, API and APII denote adiabatic changing the Hamil-
tonian (1). Also, QMI and QMII are general quantum measurement processes performed
on the system through operators (8) and (13). In order to describe API process, we note
that after isolating the engine from thermal reservoir, the transition frequency of the qubit
is changed adiabatically from ω0 to ω, then the increased level spacing of the engine is ~ω.
Therefore, the average energy is obtained as
EAPI = −~ω
2
tanh
(
β~ω0
2
)
, (26)
so the corresponding average work done on the engine is
WAPI := E th − EAPI = ~ (ω − ω0)
2
tanh
(
β~ω0
2
)
. (27)
The engine undergoes second stroke through quantum measurement defined by operators
(8). In the same way of the previous section, the related average energy constituent of the
engine is
EQMI = −~ω
2
tanh
(
β~ω0
2
)
+ P~ωe
β~ω0/2
Z(β)
, (28)
and the corresponding acquired stochastic energy for the engine becomes
QQMI := EQMI − EAPI = P~ωe
β~ω0/2
Z(β)
. (29)
As in the previous section, the third stroke takes place by performing general measure-
ment according to operators (13) such that the entropy of the working substance remains
constant. Similar to equation (18), the average energy, after this stroke, is given by
EQMII = ~ω
2
tanh
(
β~ω0
2
)
− P~ωe
β~ω0/2
Z(β)
. (30)
Hence, under constant entropy constraint, the energy reduction between two strokes QMI
and QMII is obtained as
∆ := EQMI(P) − EQMII(P) = 2P~ωe
β~ω0/2
Z(β)
− ~ωtanh
(
β~ω0
2
)
. (31)
In the next step, the Hamiltonian of the system is returned to its original form by changing
the transition frequency ω to ω0 and so the level spacing of the system is reduced to its
original value, i.e. ~ω0. It is easily obtained that the average energy of the system and the
average work done by the system after fourth stroke are
EADII = ~ω0
2
tanh
(
β~ω0
2
)
−P~ω0 e
β~ω0/2
Z(β)
, (32)
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and
WAPII := EQMII − EAPII = ~ (ω − ω0)
2
tanh
(
β~ω0
2
)
− P ~(ω − ω0)
Z(β)
eβ~ω0/2, (33)
respectively. Ultimately, the engine cycle is ended through thermalization process and the
thermal stochastic energy exchanged between the working substance and the thermal reser-
voir is characterized as
Qth := E th − EAPII = P~ω0 e
β~ω0/2
Z(β)
− ~ω0tanh
(
β~ω0
2
)
. (34)
We know that for an engine this energy must be dissipated into the thermal reservoir, i.e.
Qth ≤ 0, which gives the same constraint for the measurement strength parameter, i.e.
P ≤ 1− e−β~ω0 , as observed in the previous section. Since in the absence of any irreversible
phenomena, the internal energy of the working substance is left unchanged throughout a
complete cycle, then it is obvious that
Qth +QQMI −WAPI −∆−WAPII = 0. (35)
Hence, the net work extracted from the engine throughout a complete cycle is equal to
Wext(P) = Qth +QQMI =WAPI +∆+WAPII
= P~(ω + ω0)e
β~ω0/2
Z(β)
− ~ω0tanh
(
β~ω0
2
)
.
(36)
It is expected that for this engine Wext(P) ≥ 0, which gives the following new lower bound
for the measurement strength parameter as
P ≥ ω0
ω0 + ω
(
1− e−β~ω0) . (37)
If there is no adiabatic process for changing the level spacing of the Hamiltonian, i.e. ω = ω0,
then we have the same result of the previous section. For the case where ω ≫ ω0, the lower
bound in (37) becomes very small. At the end, to calculate the engine efficiency in this
situation, let us remember that the measurement strength parameter can be rewritten as
P = γ (1− e−β~ω0) with
ω0/(ω0 + ω) ≤ γ ≤ 1, (38)
then the efficiency becomes
η :=
Wext(P)
QQMI = 1 +
ω0
ω
(
γ − 1
γ
)
. (39)
The efficiency becomes zero for γ = ω0/(ω0 + ω), and saturates unit for γ = 1. As is clear
from (38), the lower bound of efficiency range of the engine becomes smaller than the case
of the equation (23), so we have an improved efficiency range by introducing the adiabatic
strokes. It is interesting to note that for γ = 1/2, the efficiency is not zero and takes the
following expression
η = 1− ω0
ω
, (40)
which is the same result as obtained in [20].
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IV. Conclusions
In this work, we designed a three-stroke single-qubit quantum engine with time independent
working substance whose performance essentially depends on two general quantum measure-
ments defined in (8) and (13). It was explicitly shown that the engine efficiency can be
well-controlled by the measurement strength parameter such that it is enabled to reach unit.
In the next step, the engine was provided with two additional time dependent adiabatic
strokes changing the transition frequency of the working substance which led improvement
of efficiency range of the engine. In fact, in Sec III, we combined the scheme introduced in
Sec II and that in [20] to obtain an quantum engine with an improved efficiency range.
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